A Haken sphere S in a 3-manifold M with a Heegaard splitting V ∪ F W is a separating 2-sphere in M which intersects the Heegaard surface F only in an essential circle in F . It is known how any two Haken spheres in the genus 2 Heegaard splitting of S 3 or a connected sum of two lens spaces are related. In the present paper, we show how any two Haken spheres in a genus 2 Heegaard splitting of where L(p, q) is a lens space.
Introduction
Let M be a closed connected orientable 3-manifold. A Heegaard splitting V ∪ F W for M is reducible if there exist essential disks D ⊂ V and E ⊂ W such that ∂D = ∂E, and is stabilized if there exist essential disks D ⊂ V and E ⊂ W such that ∂D ∩ ∂E is a single point. A 2-sphere S in a 3-manifold M with a Heegaard splitting is a Haken sphere if S is separating in M and S intersects the Heegaard surface F only in an essential circle in F . It is clear that there is no Haken sphere in Heegaard splitting of genus 1.
Scharlemann and Thompson [8] describe how two Haken spheres in a genus 2 Heegaard splitting for S 3 are related. Another version of their result (see [5] ) can be stated as follows. See Section 2 for definitions. In [5] Lei proved that a similar conclusion holds for two Haken spheres in a genus 2 Heegaard splitting of a connected sum of two lens spaces, that is We note that in Scharlemann-Thompson's proof of Theorem 1.1, Goeritz's result [1] on a homeomorphism from (S 3 , V ) to (S 3 , V ) plays an essential role. Scharlemann [7] further extends the result to two complete collections of Haken spheres in the (standard) Heegaard splitting of general genus for S 3 , by using Powell's extension [6] 
Section 2 contains some necessary definitions and preliminaries. In Section 3, we give the proofs of Theorems 1.3 and 1.4. Notations and terminology not defined in the paper are standard, see for example, [3, 4] .
Preliminaries

Some basic facts on Haken spheres
Here are some basic facts on Haken spheres in Heegaard splittings for 3-manifolds:
(1) Any positive genus Heegaard splitting for S 3 is stabilized (due to Waldhausen [9] 
Constructions of Haken spheres
Two Haken spheres S and
It is shown in [5] that there are some ways to construct infinitely many nonequivalent Haken spheres in a splitting from a given one. For the convenience of readers, we briefly review as follows ((a) and (b)):
(a) General case: Let V ∪ F W be a Heegaard splitting for a closed orientable 3-manifold M, and S a Haken sphere in
, and E splits W into two handlebodies W 1 and W 2 
Choose a pair of parallel essential disks 
then C is a simple closed curve on F . It is easy to see that C is essential and separating on F . Since e 1 and e 2 are parallel on F 2 , we can find a proper
Clearly, C and C are not isotopic on F , S and S are not equivalent. It is not hard to see that there is an obvious orientation-preserving homeomorphism h : M → M which takes V to V and S to S (refer to [6, 7] ).
(b) Version of genus 2: We now describe an alternative version of the above construction in the case that S is a Haken 2-sphere in a Heegaard splitting V ∪ F W of genus 2 for 3-manifold M. We fix the following notations for the rest of the paper.
Cut F open along ∂∆ ∪ ∂Σ to get a 4-punctured 2-sphere P . Denote by δ + , δ − and σ + , σ − the cutting sections of ∂∆ and ∂Σ in ∂P , respectively. Then C ⊂ P and C separates δ + ∪ δ − from σ + ∪ σ − .
Note that any simple closed curve C ⊂ P which separates δ + ∪ δ − from σ + ∪ σ − can be extended to a Haken sphere S in V ∪ F W .
Let α be a simple proper arc on P connecting δ + and δ − and N = N(δ + ∪ δ − ∪ α) a regular neighborhood of δ + ∪ δ − ∪ α in P . The boundary component of the pant N , which is other than δ + and δ − , is denoted by C α (see Fig. 2 ). Clearly, C α separates δ + ∪ δ − from σ + ∪ σ − on P , therefore it can be extended to a Haken sphere, denoted by S α , in V ∪ F W . Furthermore, C α (therefore S α ) is uniquely determined by α up to isotopy. We note that if α intersects C essentially in 2 points, then S α is just a 4-gon replacement of S defined in [8] .
Let S(S; ∆, Σ) = {S α | α is an arc on P connecting δ + and δ − }.
It is clear that S(∆, Σ) includes all Haken spheres
Cut F open along ∂∆ ∪ ∂Σ to get a 4-punctured 2-sphere P . Denote by δ + , δ − and σ + , σ − the cutting sections of ∂∆ and ∂Σ in ∂P , respectively. Then C ⊂ P and C separates δ + ∪ δ − from σ + ∪ σ − . Let S(S; ∆ , Σ ) = {S α | α is an arc on P connecting δ + and δ − }. Then any sphere in S(S; ∆ , Σ ) is a Haken sphere in V ∪ F W , and S(∆ , Σ ) includes all Haken spheres S in V ∪ F W with S ∩ F ⊂ P . The next situation happens only in the case that one factor is a genus 1 Heegaard splitting for S 2 × S 1 :
(c) The case that the Heegaard genus is 2 and one factor is S 2 × S 1 : Let S be a Haken 2-sphere in a Heegaard splitting V ∪ F W of genus 2 for 3-manifold M. Let D, E, C, V 1 , V 2 , W 1 and W 2 be as before,
Then there is a nonseparating simple closed curve δ in F i which bounds disks in both V i and W i .
Cut F open along δ to get a twice-punctured torus T . Denote by δ + , δ − the two cutting sections of δ in ∂T , respectively. Then C ⊂ T and C cuts T into a pant and the oncepunctured torus F j , (i, j ) = (1, 2) or (2, 1) .
Clearly, any simple closed curve C ⊂ T which cuts T into a pant and a once-punctured torus can be extended to a Haken sphere S in V ∪ F W . Let α be a simple proper arc on T connecting δ + and δ − , and N = N(δ + ∪ α ∪ δ − ) a regular neighborhood of δ + ∪ δ − ∪ α in P . Then N is a pant. The boundary component of the pant N , which is other than δ + and δ − , is denoted by C α (see Fig. 3 ). Then C α can be extended to a Haken sphere, denoted by S α , in V ∪ F W . Furthermore, C α (therefore S α ) is uniquely determined by α up to isotopy. Let S i (S; δ) = {S α | α is an arc on T connecting δ + and δ − }. 
It is clear that S i (S; δ) includes all Haken spheres
S in V ∪ F W with S ∩ F ⊂ T .
Proofs of the main theorems
Suppose that M is a closed orientable nonprime 3-manifold which admits a genus 2 Heegaard splitting V ∪ F W . It is clear that V ∪ F W has a Haken sphere S, cutting M into two pieces M 1 and M 2 . If we denote by M i the manifold obtained by capping off the boundary sphere of M i with a 3-ball, then M i is either a lens space or S 2 × S 1 , i = 1, 2.
Let S be another Haken sphere for V ∪ F W . We may assume that S and S are in general position. Since the equivalent class of a Haken sphere is determined by the intersection curve of the Haken sphere and the Heegaard surface, by an innermost circle argument, we may further assume that each component of S ∩ S intersects the Heegaard surface F . As before, denote
Isotope S and S in M with respect to F (i.e., each S ∩ F and S ∩ F will be kept a single component in the procedures of the isotopies), so that C(S, S ) = |S ∩ S ∩ F | = |C ∩ C |, the complexity of S and S , is minimal over all possible choices in the isotopy classes of S and S . Note that C(S, S ) is an even number. Note that each component of C − C is a simple arc lying in F 1 or F 2 . By the choice of minimal intersection, we know for each
If C(S, S ) = 0, S ∩ S = ∅, then C ∩ C = ∅, so C and C are parallel on F , thus S and S are equivalent. If C(S, S ) = 2, C intersects C in two points, thus α i = C ∩ F i is an essential arc in F i , therefore is nonseparating in F i , i = 1, 2, then C is nonseparating in F , a contradiction. In the following we assume that C(S, S ) 4.
Consider D ∩ D and E ∩ E. Let δ be an outermost disk in D with δ ∩ D = a, and σ an outermost disk in E with σ ∩ E = b. Let µ be a sub-disk of D, cut by a, and ν a sub-disk of E, cut by b. Denote Φ = δ ∪ µ and Ψ = σ ∪ ν. Assume δ ⊂ V i and σ ⊂ W j . We can push Φ into V i (and Ψ into W j ) by an isotopy so that Φ is an essential disk of V i with ∂Φ ⊂ F i and Ψ is an essential disk of W j with ∂Ψ ⊂ F j . If i = j , we can see that, after an isotopy, Φ and Ψ intersect in at most one point. Since each factor of the connected sum is not S 3 , ∂Φ and ∂Ψ are isotopic on Fig. 4.) F i (i = 1 or 2) is a once punctured torus, and each component of C ∩ F i is an essential arc in F i . The components of C ∩ F i can be divided into at most three classes, so that any two arcs are in the same class if and only if they are parallel rel ∂. Let δ ⊂ D , σ ⊂ E be For any two components α, β ∈ (C ∩ F 1 ) ∪ (C ∩ F 2 ), if the two end points of α are not lying in the same component of C − ∂β, we say that α and β are end-separated; otherwise, they are not end-separated.
Note that for the once-punctured torus F i , i = 1, 2, two components α, α ∈ C ∩ F i are end-separated if and only if they are not in the same class.
Let α ∈ A i and β ∈ B j , (i, j ) = (1, 2) or (2, 1). We say that {α, β} is a good pair of arcs if either α and β are end-separated or they have one end point in common. 
(S , S ) < C(S, S ).
Proof. This is the same as in the proof of Theorem 3.1 in [5] . With no loss, say α ∈ A 1 , β ∈ B 2 . Since A = ∅ = B, α co-bounds, with a proper arc in D, an essential disk Φ in V 1 , and β co-bounds, with a proper arc in E, an essential disk Ψ in W 2 . Note that Φ (or Ψ ) may not be an outermost disk of D (or E ). There are two possibilities:
Case (1) α and β are end-separated. See Fig. 5(a) . Let C be a curve as shown in Fig. 5(b) . As in Section 2, we can see that C can be extended to a Haken sphere S in V ∪ F W , and in fact, S is a 4-gon replacement of S. Clearly, C(S , S ) = |C ∩ C | = C(S, S ) − 4.
Case (2) α and β have one end, say p, in common. Note that in this case, since C(S, S ) 2, the other two end points of α and β cannot be the same. Now let C be a curve as shown in Fig. 6(b) .
Again as in Section 2, we can see that C can be extended to a Haken sphere S in V ∪ F W , and in fact, S is a 4-gon replacement of S. Clearly,
This finishes the proof of Lemma 3.1. 
Lemma 3.2. Suppose
A i = B i = ∅ (therefore M i = S 2 × S 1 , i = 1 or 2), then there is a Haken sphere S in V ∪ F W ,
such that S and S are (i,i)-related, and C(S , S ) < C(S, S ).
Proof. Assume i = 1 and α ∈ A 1 = B 1 . ∂α cuts C into two arcs γ 1 and γ 2 . Let β 1 = α ∪ γ 1 and β 2 = α ∪ γ 2 . Then β 1 and β 2 are parallel essential simple closed curves on F 1 , and each bounds nonseparating disks in both V 1 and W 1 . Push β 1 and β 2 off α slightly on F 1 , as shown in Fig. 7(a) . Let δ be a component of C ∩ F 2 such that α and δ have one endpoint in common. Since C(S, S ) 4, the other end point is in the interior of γ 2 , say. Extend δ on F slightly so that δ connects β 1 and β 2 . Let C be the connected sum of β 1 and β 2 along δ, as shown in Fig. 7(b) . It is clear that C extends to a Haken sphere
This completes proof of Lemma 3.2. 2 Proof. We have shown above that this is true for β 1 and β 2 , so we may assume that p is in the interior of I 1 . If β is in B then β is parallel to β on F 2 . Let R be the rectangle on F 2 with ∂R a union of β , β and two arcs on C. Since the two points A 1 , A 2 are on opposite sides of p, one of them, say A 1 , is on R. But this implies that the arc β 1 is inside of R, so it is parallel to β, which is a contradiction since we have proved that β i / ∈ B. Fix an orientation on C so that the induced orientation on α is from A 1 to A 2 . Put C = γ 1 ∪ · · · ∪ γ 2n , where γ 1 = α, and γ i+1 has its initial point at the ending point of γ i . By Claims 1, 2 and induction one can show that the ending point of γ 2i+1 is on I 1 and the ending point of γ 2i is on I 2 , which contradicts the fact that the ending point A 1 of γ 2n is not on I 2 .
This completes the proof of Lemma 3.4. 
